An earlier characterization of topologically ordered (lexicographic) pathlength sequences of binary trees is reformulated in terms of an integrality condition on a scaled Kraft sum of certain subsequences (full segments, or islands). The scaled Kraft sum is seen to count the set of ancestors at a certain level of a set of topologically consecutive leaves is a binary tree.
Introduction and connections with the theory of islands
In the construction of optimal average-length uniquely decipherable codes, Kraft's and McMillan's theorems guarantee that only instantaneous (pre-fix free) codes need to be considered, and these correspond to binary trees. More precisely, we consider finite rooted binary trees with a "topological" structure specifying for each non-leaf node its left son and right son. Alternatively, this topological structure can be thought of as a labelling of the edges of the tree in such a way that the two edges from each non-leaf node to its sons are labelled 0 and 1 (for left and right). The 0 − 1 sequences corresponding to the root-to-leaf paths of the tree then determine an instantaneous code, and all instantaneous codes arise this way. In fact Huffman's classical algorithm constructs the code by constructing the topological tree. Ordering the set of codewords lexicographically corresponds to a topological left-toright enumeration of the root-to-leaf paths, and writing down the sequence of lenghts produces the lexicographic (topological) length sequence, that in [FS] was shown to fully determine the code.
In [FS] lexicographic length sequences were characterized among all sequences of positive (meaning here non-negative) integers, including 0. This characterization is reformulated in the present note, and a certain integer parameter appearing in the characterization is given a combinatorial meaning. The characterization is established by induction on the number of nodes of an associated (in general not binary) tree.
Consider any finite sequence l 1 , ...., l n of n ≥ 1 positive real numbers. For
where the maximum is taken over all subintervals [h, k] Proof. Suppose l is the path-length sequence of a binary tree with a left-right topology. For each level m ancestor of a leaf with index in S, its descendents form a binary tree. If there are k of these trees, then each term in K(S) corresponds to exactly one term in the Kraft sum of the path-length sequence of exactly one of the k binary trees, and it is in value equal to this latter term divided by 2 m .
Characterisation of topological length sequences of binary trees
Conversely, we can proceed by induction on the number of nodes of the tree of full segments of a given sequence. The basis of induction is trivial. Suppose that for the sequence of positive integers l, for every full segment S = [i, j] ⊆ [1, n] the number 2 m(S) K(S) is an integer. Take a minimal full segment S = [i, j] . Let l ′ denote the segment obtained by replacing in l thenecessarily constant -subsequence l i , ..., l j by a term equal to m[i, j] repeated 2 m(S) K(S) times. Then the following map f is a bijection from the set of full segments of l with S removed, to the set of all full segments of l ′ :
where, denoting 2 m(S) K(S) by r,
The map preserves partial Kraft sums and neighborhood maximin parameters and it also establishes an isomorphism between the tree of full segments of l with the leaf node S clipped, and the tree of all full segments of l ′ . Based on inductive hypothesis, construct the binary tree for l ′ then append, to each of the r leaves starting from the i'th leaf, uniform binary trees of depth l i − m(S).
